Dark matter, first postulated by Jacobus Kapteyn in 1922 and later by Fritz Zwicky in 1933, has remained an enigma ever since proof of its existence was confirmed in 1970 by Vera Rubin and Kent Ford by plotting the rotation curve for the Andromeda galaxy. Here, some concepts from string theory and topological change in quantum cosmology are used to formulate a new model for dark matter. The density profiles of dark matter halos are often modeled as an approximate solution to the Lane-Emden equation. Using the model proposed here for dark matter, coupled with previous work showing that the approximate solution to the Lane-Emden equation can be an exact solution of the Einstein-Maxwell equations, provides a new insight into the possible nature of dark matter.
The rotation curve for NGC 3198 shows that the velocity of visible matter is essentially flat for distances greater than ~5 kpc from the center of the galaxy, instead of having a Keplerian fall-off proportional to 1/r (See the ApJ paper for a discussion of the spherical halo and exponential disk).
The composite image on the right shows the relatively recent collision of two galaxy clusters. The two pink areas contain most of the ordinary mass of the two clusters, the bullet-shaped one having passed through the other larger cluster. In the process of the collision, the temperature of the normal matter is increased and X-rays are emitted that were detected by the Chandra X-Ray Observatory. The blue areas are a map of the invisible matter made by using gravitational lensing, where light from objects more distant than the bullet cluster is bent by intervening matter. The normal matter shown in pink is clearly separate from the majority of the matter comprising the clusters shown in blue. The conclusion being that most of the matter in the clusters is dark matter.
In this paper, some concepts from string theory, along with the possibility of topological change through quantum tunneling, are used to construct a scenario for the evolution of the early universe and possibly give some insight into the nature of dark matter. The scenario envisions the very early universe as a 3-sphere that plays the role of a brane in string theory where the ends of open strings bearing a Kalb-Ramond charge are terminated. As the universe expands, still in its early phase, its topology changes from being a positively curved 3-sphere to being negatively curved, which is consistent with recent data showing that the universe may indeed be negatively curved.
While such a topological change would classically imply the appearance of acausal features, that need not be the case for quantum topological transitions in the early universe. The possibility that the charged end points of terminated strings can play the role of dark matter is discussed and it is shown that such dark matter gives an exact solution to the Einstein-Maxwell equations that matches the density profiles of dark matter halos that are generally modeled as an approximate solution to the Lane-Emden equation.
Section 1 introduces some features from string theory; Section 2 discusses D3-branes and Friedmann-Lemaître-Robinson-Walker cosmological models; the Kalb-Ramond charged string terminating in " is treated in Section 3; Section 4 discusses a scenario for the appearance of only one sign of "dark" charges in " ; the evolution of the universe and topological change is covered in Section 5; Section 6 gives a string model for dark matter; and Section 7 discusses dark matter as charged dust now based on string theory.
Some concepts from string theory
There are many excellent books on string theory that would expand on this limited conceptual introduction. Two of the more accessible are by Zwiebach 1 where R is the scalar curvature and the other symbols have their usual meaning.
If the space allows torsion, the torsion tensor is
(1.
2)
The Einstein-Cartan action in terms of the Riemannian scalar curvature is 4 For a completely antisymmetric torsion tensor, the possible metric connections correspond to geodesics that are the same as those derived from a Levi-Civita connection. 5 In string theory, the general term "D-brane" refers to an "object" upon which string endpoints lie.
The letter D stands for the Dirichlet boundary conditions that the endpoint must satisfy on the brane. A Dp-brane is an object with p spatial dimensions. The general spacetime dimension is p + 1, so 4-dimensional spacetime is considered to be a D3-brane. Branes with D spatial dimensions are also called D-branes. D-branes are not necessarily hypersurfaces or of infinite extent, they can also be finite, closed surfaces. The additional spatial dimensions beyond the dimension of the brane are known as comprising the "bulk". It is interesting that Zaslow, in the context of category theory, simply defines branes as "boundary conditions". 6 The strings of interest here carry Kalb-Ramond string charge. This charge can be viewed as a "current" flowing along the string since the string charge density is a vector which is tangent to the string. For 4-dimensional spacetime, the action for the brane and the string will have a term, where comes from the Maxwell field tensor. Since couples to it must carry a string charge, but , so that the field Ek on the brane carries string charge.
The field strength, , as defined above, is totally antisymmetric and invariant under the gauge transformations
Here the arguments of B µn are the string coordinates X(t ,s). The "world sheet" of an open string is defined as the trajectory of the string in space-time with space-like coordinates X µ . On this world sheet there are two linearly independent tangent vectors given by ¶t X µ and ¶s X µ , where t parameterizes time and s parameterizes the distance along the string. For bosonic strings, one uses the classical variable X µ (t ,s) to describe the position of the string.
The part of the action that couples the string to the B µn field is given by
is totally antisymmetric so that when this action is varied using Eq. (1.6) the result is L = − 3 ( P Λ % R % − R Λ % P % ) = − 3 ( P (Λ % R % ) − R (Λ % P % )).
( Because Dirichlet boundary conditions apply at both end points of the string, the term vanishes when evaluated at these points. Given these boundary conditions, the string ends remain attached and perpendicular to the brane.
For SB to be gauge invariant dSB must vanish. To make this happen one adds a term to the action coupling the ends of the string to the dark fields on the brane. That is, (1.10)
For this to work, one must impose the condition dAm = -Lm. Doing so immediately results in dS = 0 so that gauge invariance is restored. Now, however, since dFmn = -dBmn neither field is independently gauge invariant. This means that the physical field strength must be redefined as † This type of requirement generally arises from Noether's theorem, which states that every continuous symmetry of the Lagrangian gives rise to a conserved current $ ( ) which, when coupled with the equations of motion, implies that $ $ ( ) = 0. The conserved current means that there is a conserved charge = ∫ 
actually electromagnetic in nature, only that there is an "electromagnetic-type interaction between point charges located at the ends of strings" [emphasis added]. The electromagnetic interpretation will not be used here. In what follows, the "apparent" charges of the previous paragraph will be called "dark charges" and their associated fields "dark fields". These fields will nevertheless be assumed to obey the Maxwell equations.
In what follows it is important that the string ends have mass as well as carry dark charges. In string theory, the interaction between strings is generally ignored because in quantum field theory causality requires that point like particles only interact when they overlap in space and time; i.e., In what follows, the 3-dimensional spacelike hypersurface or brane will initially be chosen to be the manifold " , an oriented manifold that admits a spin structure enabling the existence of spinors.
The bulk is a flat space that allows a torsion field.
String theory has branes embedded in a bulk of higher dimension. This bulk must be a torsion space since strings with Kalb-Ramond charge have a completely antisymmetric field intensity that is a torsion field. Thus, the Kalb-Ramond field is a source of torsion. Given the choice of " with a spin structure for the brane, the question is then whether or not a Riemannian manifold can be embedded in a torsion space. The question has been answered affirmatively by Romero, et al. 10 Trautman 11 has written a paper on the Einstein-Cartan theory that is relevant to the completely antisymmetric nature of the field intensity of the Kalb-Ramond charge. Note that there is no difference between the Einstein-Cartan theory and the Einstein theory when torsion vanishes. In general, Einstein-Cartan theory differs only slightly from General Relativity. The effects only become significant when the spin density squared is comparable to the mass density. Non-zero spin density can only exist in the presence of a medium. Trautman notes that one does not need to introduce torsion to describe spinning matter. Torsion theories can be reformulated as Riemannian theories with an additional torsion tensor that appears as a supplementary term of the energymomentum tensor in the Einstein field equations.
Spin Structures
Because of the real-world existence of spinors, the D3-brane of the FLRW universe of interest must admit a spin structure. Whether or not this is possible depends on the first two Stiefel-Whitney classes. Following Milnor and Stasheff, 12 some relevant background follows. A concise discussion of spinor bundles has been given by Marsh.
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If v w , = 1, 2, . . . are p-simplices they can be taken as the free generators of an abelian group, and a p-chain can be defined as
where G is an abelian group. Such p-chains also form a group Cp(K,G), K being a topological space. It will be assumed here that K is a manifold. The boundary operator applied to Cp(K,G)
G). The homology classes are then defined as Hp(K,G) = Zp(K,G)/ Bp(K,G).
Similarly, using the coboundary operator ¶* one can define the cohomology classes as 
and v ( ) = 0 for > if x is an n-plane bundle.
The Whitney product theorem requires a definition of the cup product: Given [ ] ∈ w ( , ℝ) and
. If x and h are vector bundles over the same base space, the Whitney product theorem is
For example,
When a manifold admits spinors it has a spin structure and is known as a spin manifold. Denote the principal bundle of a closed, compact manifold K by PSO(n)(K). K has the structure group SO(n) and sections of the tangent bundle are vector fields on K. If K is a spin manifold, it has a "lifting" of its structure group SO(n) to the group Spin(n). A lifting is a principal bundle map from the spin bundle to the frame bundle. Choosing such a lifting constitutes a choice of spin structure on K; i.e.,
This also induces a bundle of spinors S(K) over K; sections of S(K) are spinors.
While SO(n) is a connected group it is not simply connected. For n ³ 3, the first homotopy group, p1(SO(n)), is isomorphic to F . The universal double cover of SO(n) is the spin group Spin(n).
The lifting of the structure group SO(n) to the group Spin(n) requires that the first two StiefelWhitney classes of the tangent bundle of K vanish: E ( ) = F ( ) = 0. The vanishing of E ( )implies that K is orientable and clockwise and anti-clockwise rotations can be distinguished, while the vanishing of F ( ) makes the double covering of SO(n) by Spin(n) global.
It should be noted that the existence of a spin structure on a manifold does not directly relate to the problem of including fermions in string theory. That is addressed by superstring theory, which introduces the idea of supersymmetry between bosons and fermions. This, and subsequent developments in string theory, will play no role in what follows. In general, is the one-point compactification of ℝ ; i.e., = ℝ ∪ {∞}. The model of that will be used here is the identification of the boundary of two balls E " , F " by a homeomorphism
. This is shown in Fig. 2 .1. If ⊂ F " is set equal to ¥, as will later be the case, then 
Kalb-Ramond charged string terminating in
The presence of dark charges within raises the question of whether or not a single-valued B field over can exist. Here, the dark charges at the end of open strings will be isolated by additional boundary components. These affect the topology of the space. The isolation of the charges associated with a Kalb-Ramond field by boundary components has also been used by Bowick, et al. 16 Strings that end on branes are generally discussed from the perspective of the bulk; often, for example, by a string terminating on a D2-brane. The charged strings here terminate on and from the perspective of the interior of the end charges appear as individual points that are isolated from the surrounding space by internal boundary components as shown in Fig. 3.1. The string itself is contained in the bulk within which is situated, while the field from the dark charges is contained in and does not enter the bulk (Zwiebach, §15.3) itself, butas discussed in section 1-are constrained to the string. interior boundary components is that of the charge; e.g., zero for a point charge.
⊂ F " has been set at ¥.
The topology near the charges located at pi is then locally equivalent to ℝ − { v }.
The Kalb-Ramond antisymmetric gauge field, or potential, Bµn looks like an electromagnetic potential with an additional index, and transforms under a gauge transformation in the same way. Bµn can be viewed as a 2-form B, so that H = dB. The 3-form H is closed since dH = 0.
The 3-form H will be exact (so that the potential Bµn is globally defined) if and only if the third homology group H3( ) vanishes; i.e., if and only if the period ∫ = 0 . This is not the case for but is the case once there are boundary components isolating the dark charges at each end of the string. In summary, for a single-valued potential B to exist, the third homology group of must vanish. Appendix B elaborates on these issues using the example of .
Only one sign for dark charges in .
In what follows, it is necessary that only one sign of the dark charge at the ends of Kalb-Ramond strings appear within . That there exists at least one possible scenario for this to occur will be shown here. It is based on the idea of cosmic strings and inflation in the early history of the universe.
As the Universe cooled since the Planck time there have been a series of spontaneous symmetry breaking phase transitions during which topological defects, such as cosmic strings, 17 could have
formed. An example of a string-like topological defect is the magnetic flux line in a type II superconductor. Such strings can be stable, an example of which is an infinite Abrikosov flux tube. 18 In perturbative string theory, type II strings are global due to their coupling to the antisymmetric field Bµn.
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The fundamental objects in string theory are not point-like, but rather 1-dimensional. This is unlike quantum field theory where local interactions correspond to products of field operators at a point.
This includes the creation and annihilation of particles. Since strings, and in particular charged strings, are not point objects, how are they created?
To resolve this creation enigma, it will be assumed here that one end of a charged string is created first and the other a very short time later. It is also assumed that because the string charge has a vector character that the first end always has the same sign dark charge. It is further assumed that string creation occurs, in accord with grand unified theories (GUT), at the time of the symmetry breaking of (5) = (3) H ⨂ (2)¯⨂ (1) at ~10 -"± sec (the beginning of the standard model symmetry breaking period); i.e., during the period of the GUT phase transitions. It is during one of these phase transitions that inflation, the exponential expansion of the universe, occurs.
As inflation continues, the length of the strings increases exponentially so that a concentration of dark string charge of one sign is rapidly separated from a second concentration of dark string charge of the opposite charge. The first concentration is taken in Fig. 3 .1 to reside near infinity and the second concentration to be the dark charges in .
Evolution of the universe and topological change
The problem with considering as a model for the very early universe, is that it is now known that the universe is not closed and is either flat or hyperbolic should the matter density be below the critical value even by a small amount. In 1967, Geroch 20 showed that changes in the topology of spacelike sections can occur if and only if the model is acausal. That would seem to rule out . However, Martin, et al. 21 argue that for the FLRW universe quantum topological transitions Superspace is the space of geometries for 3-manifolds that constitute space in the dynamical picture of general relativity known as geometrodynamics. It can be thought of as the configuration space for general relativity. The associated cotangent bundle can be defined so that it is the phase space for the Hamiltonian formulation. Imposing symmetry restrictions on spacetime metrics leads to minisuperspace where the metrics depend on a finite number of parameters. This turns out to be too restrictive so that one turns to midisuperspace, which results from imposing symmetry requirements on superspace such that the allowed metrics are parameterized by functions rather than numerical parameters. They begin with an FLRW-like metric given by
where Ω F = θ F + sin F θ ϕ F . In this model, topological change occurs when ( ) passes through zero. This metric form can be arrived at by considering the usual FLRW metric, The universe is generally assumed to be flat, consistent with the LCDM model. Some recent data, however (See Fig. 5.1 ), indicate that the universe may have a negative curvature. 25 This is due to a hemispheric asymmetry in the cosmic microwave background radiation. See also Sawicki. 26 This possibility, combined with topological change a là Martin, et al., opens up the possibility of starting with a closed universe like , which then evolves to a negatively curved universe. The standard model of LCDM has as its principal matter component cold dark matter, which only interacts gravitationally, of an unknown nature. As discussed in the Introduction, relatively recent work on colliding galaxy clusters confirm this supposition 27, 28 .
In the case of the rotation curves of galaxies, the density distribution of dark matter is generally where Y = 6 /4 Y . It will be shown that the right-hand side of this approximate expression corresponds to an exact solution of the coupled Einstein-Maxwell equations for dust composed of charged dark matter. Note that if r0 is to be identified with the King radius, the numerical factor of 6 should be replaced by 9.
Dark charged dust
The term "charge" in this section is meant to designate dark charge rather than electromagnetic charge. The form of the metric for charged dust was introduced by Majumdar 30 and Papapetrou
31
.
It is spherically symmetric and static, and can be motivated by considering the Reissner-Nordström metric
Assume the extreme form of this metric where |q| = m, and introduce the isotropic coordinates ̅ = − . Doing so results in the metric The equilibrium of charged dust in general relativity has been treated extensively by W.B. Bonnor and others since the early 1960s. It is his paper on the equilibrium of a charged sphere 32 that forms the embarkation point for the work here 33 . The Einstein and Maxwell field equations applied to the metric of Eq. (7.2) show that the Newtonian condition for equilibrium given above must also hold in general relativity. In what follows, the charge will be chosen to be positive.
Bonnor obtained the equation that relates the general form of f to the density, ââ − 2 â F + 2 â − 4 = 0.
Unfortunately, this equation is completely intractable unless r = 0, and as put by Lemos and Zanchin, "It is not a method for solving the differential equation of the Majundar-Papapetrou problem, it is an art of correct guessing." 34 In other words, one is reduced to guessing a form for the function f and hoping that the equation yields a physically meaningful density distribution.
The problem addressed by Bonnor was to find the density distribution of charged dust within a finite sphere of radius a that would match to the vacuum Reissner-Nordström solution at the boundary. This was successfully achieved using the following expression for f The question addressed here is whether it is possible to find a function f(r) that would result in a radially unlimited density distribution matching that given in Eq. (6.3) for dark matter. Indeed, one can. Substitution of
into Eq (7.3) yields
where a is now a free constant. This has the same form as Eq. (6.3) except that now the equality is exact and r(r) is derived from a solution of the Einstein-Maxwell field equations. This is somewhat surprising given that the origins of Eq. (6.3) and Eqs. (7.6) and (7.7) are so different.
Both the isothermal sphere and the corresponding solution given here to the Einstein-Maxwell field equations are unrealistic since the total mass, proportional to at large radii, is infinite. If necessary, it is quite possible that other models can be obtained by modifying these solutions, but galaxies do not really exist in total isolation but rather in galactic clusters so this solution may be adequate.
Summary
Some concepts from string theory and quantum topological change in the early universe were used nature, but only that there is an electromagnetic-type interaction between these point charges.
An argument was then given for the presence of dark charges of only one sign appearing at the end of Kalb-Ramond strings in . It was based on the idea of cosmic strings and inflation in the early history of the universe. As the Universe cooled since the Planck time there were a series of spontaneous symmetry breaking phase transitions during which topological defects, such as cosmic strings, could have formed.
Since the fundamental objects in string theory-unlike quantum field theory where local interactions correspond to products of field operators at a point-are not point-like, but rather 1-dimensional, one must come up with a scenario of how they might be created. To do this, it was assumed that in the early history of the universe one end of a charged string is created first and the other a very short time later. It was also assumed that because string charge has a vector character the first end created always has the same sign dark charge. It was then further assumed that string creation occurs, in accordance with grand unified theories (GUT), at the time of the symmetry breaking of (5) = (3) H ⨂ (2)¯⨂ (1) at ~10 -"± sec (the beginning of the standard model symmetry breaking period); i.e., during the period of the GUT phase transitions. It is during one of these phase transitions that inflation, the exponential expansion of the universe, begins.
Inflation led to the length of the strings increasing exponentially so that a separation of dark string charges occurred. As a consequence, only dark charges of one sign appear in the interior of ; the other charges of opposite sign being placed at infinity. It was shown that paired isolating boundary components allow the existence of a single valued Kalb-Ramond potential.
The possibility was then discussed that quantum tunneling could allow to transition to a negatively curved manifold consistent with what is known of the universe's topology today.
Using the model proposed here for dark matter coupled with previous work discussed in the last section provides a new insight into the possible nature of dark matter.
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APPENDICES

A. Torsion in the bulk and in
As mentioned in Section 1, the field strength, $%& = $ %& + % &$ + & $% from string theory is a totally antisymmetric tensor corresponding to a torsion field. This torsion field strength is associated with a string within the bulk, which terminates on a brane, here . If is to be a hypersurface in a FLRW pseudo-Riemannian manifold there are compatibility constraints on the form of the torsion in . It is interesting that there is experimental evidence from the preferred handedness of spiral galaxies 35, 36 that the space we live in today may have a torsion field.
The FLRW constrained form of the torsion in the bulk can be written as This Appendix uses the manifold X = as an example in order to help clarify some of the ideas involved in Section 3. Figure A1 shows a charged Kalb-Ramond string terminating on a 2-sphere. Figure A1 . A charged Kalb-Ramond string terminating on a 2-sphere with its dark end charges isolated by boundary components. The closed curve C1 is homologous to zero (because it lies on a 2-sphere), but C2 is not.
In Fig. A1 , the bulk is 3-space. Without the string, the homology is given by: Y ( ) ≃ ℤ; E ( ) = 0; F ( ) ≃ ℤ; and " ( ) = 0. With the string terminating on the 2-sphere, this is no longer true since E ( ) ≠ 0 because of the obstructions of the boundaries introduced by the charges. A very readable introduction to homology groups can be found in the book by Fraleigh, 38 and a more technical introduction to de Rham cohomology in the book by Warner. Fig. A1 with the introduction of a cut connecting the two boundary elements isolating the dark charges. The interior of the tubular neighborhood of the cut is in the bulk and the string could just as well now be drawn so as to be contained in this neighborhood. The cut can be shortened vertically so that the positive dark charge and its isolating boundary are contained within C2 so that C2 is also homologous to zero since, as was already the case for C1, C2 is now contractible by going around the 2-sphere. The l th homology group of with coefficients in the arbitrary abelian group G is given by
Some Background on
For the homology groups the sequence of maps is
Each -is an abelian group and F = 0. • Stokes' theorem states that the periods of an exact form are zero.
• The above isomorphism ⋆ is injective so that the converse will hold: if a closed form has all of its periods equal to zero, then it is an exact form.
Physically, this means that a global potential can be defined.
